The axisymmetric electrohydrodynamic deformation of an elastic capsule with capacitive membrane obeying Skalak law under uniform AC electric field is investigated using analytical and boundary integral theory. The low capillary number (the ratio of destabilizing shear or electric force to the stabilizing elastic force) regime shows time-averaged prolate and oblate spheroid deformations, and the timeperiodic prolate-sphere, oblate-sphere breathing modes are commensurate with the time averageddeformation. A novel prolate-oblate breathing mode is observed due to an interplay of finite membrane charging time and the field reversal of the AC field. The study, when extended to high capillary number, shows new breathing modes of cylinder-prolate, cylinder-oblate, and biconcave-prolate deformation. These are the results of highly compressive normal Maxwell stress at the poles and are aided by weak compressive equatorial stress, characteristic of a capacitive membrane. The findings of this work should form the basis for the understanding of more complex biological cells and synthetic capsules for industrial applications.
I. Introduction
Elastic capsules and vesicles consist of a thin membrane separating the inner and outer fluids and have been commonly used as bio-mimetic systems to understand the mechanics of biological cells [19, 20] , which are much more complex. Elastic capsules form good models for cells such as red blood cells. Moreover, they are used in technological applications such as microreactors [60] and diagnostics applications [57, 59] . Therefore, exploring the mechanical and rheological behavior of an elastic capsule is an important topic of research [6, 31, 50] .
Vesicles consist of a lipid bilayer membrane which resists deformation by bending stress [32, 61] . The lipid bilayers are characterized by negligible shear elasticity but are area conserving [21, 46] , which leads to the generation of a non-uniform but isotropic tension in the membrane corresponding to the imposed stresses. The membrane in elastic capsules, on the other hand, is made up of a crosslinked network of proteins (as in red blood cells) or other surface active molecules. Elastic capsules have a finite shear elasticity and they resist deformation by in-plane shear and dilatational stresses, these are related to the in-plane shear and dilatational strains [5] . The elasticity (shear and dilatation) can generate nonuniform, anisotropic tensions in the membrane. There are other differences between a capsule and a vesicle, for example, while an area preserving spherical vesicle cannot deform, a spherical elastic capsule with a compressible membrane can admit deformations.
The electrohydrodynamics of vesicles have been fairly well investigated in the last few decades in the context of cell electroporation [9, 52] , electrofusion as well as cell dielectrophoresis [37, 39, 44] and electrodeformation [26, 27, [34] [35] [36] 54] . The electric field models too, for a vesicle, have evolved over the years. While Helfrich modeled the electrostatics of a vesicle subjected * rochish@che.iitb.ac.in to an electric field by assuming a dielectric drop suspended in a conducting fluid [21, 28] , there have been attempts to model it as a leaky dielectric drop in a leaky dielectric fluid [58] . Recently a more realistic capacitor model for electrostatics [12, 27, 47, 48, 54] have been introduced. The capacitor model for electrostatics assumes the vesicle to be made up of an infinitesimally thin dielectric layer characterized by a membrane capacitance and conductance enclosing a leaky dielectric fluid and embedded in another leaky dielectric fluid. Several timescales can then be identified apart from the hydrodynamic timescale. These associated timescales are the charge relaxation timescale of the outer fluid, the time required for the two fluids to behave like leaky dielectrics, namely the Maxwell-Wagner relaxation time and the membrane charging time [34] .
AC fields are typically preferred in operations such as electro-deformation and dielectrophoresis involving vesicles and cells. An advantage of AC fields, apart from preventing electrolysis of the solution, is the control of trans-membrane potential in such cells and vesicles [17] , thereby preventing electroporation [33] and enabling systematic investigations. Experiments and analytical theories on electrohydrodynamics of vesicles in the low electric field limit show that the variation of deformation with frequency sensitively depends upon the conductivity ratio of the internal and external fluid media [38, 56] . This dependence is due to an interplay of the different electric timescales and the applied frequency. For more conducting inner medium, prolate spheroids and spherical steady shapes are observed, while in the case of more conducting outer medium, spherical, oblate and prolate spheroidal shapes are observed. At high electric fields, experimental investigations [14, 43] showed squaring of a vesicle in a DC field which was reaffirmed and explained by a few 2-D [34, 35] and 3-D [26, 27, 54] computational analyses. Further studies showed that unlike DC fields, a vesicle subjected to high AC electric field showed deformation modes such as breathing and oscillating [36] .
Theoretical analyses of capsule [1, 3, 4, 16, 18, 25, 51, 55] in the limit of small deformation, indicate a linear relationship between the extent of deformation and the capillary number. In this limit, other aspects of capsule deformation such as orientation, tank-treading motion, and rheology of dilute suspension have also been reported. Several computational analyses of a capsule in external fluid flow in the large deformation limit present the dependence of the deformation on the different membrane constitutive laws [2, 30] and their break up (of a capsule with strain softening membrane) beyond a critical capillary number [2, 7, 11, 13, 41] Relatively few studies have been reported on the deformation of elastic capsules under DC [18] and AC [51] electric fields. These studies were restricted to small deformation limit. A strong influence of the applied electric field on the deformation of the capsule was reported in the experimental, theoretical and computational analysis of a conducting capsule enclosing a conducting fluid and suspended in a dielectric fluid medium [24] . Moreover, this analysis suggests the usability of the electrohydrodynamics to determine the linear and nonlinear elastic properties of a capsule. A comprehensive analysis of the deformation of an elastic capsule with a dielectric membrane in DC electric field is reported in our earlier work [10] which shows several complex modes of deformation, such as biconcave and hexagonal shapes. These new modes of deformation are not observed in the deformation of vesicles in DC electric field [26, 27, 36, 54] .
In this analysis, we investigate the deformation of an elastic capsule in strong AC electric field, wherein an interaction between the electric stress and restoring elastic forces could lead to results different than those obtained for vesicles. Also, the phase diagrams are constructed for deformation of a spherical elastic capsule in low (using both the boundary integral calculation and analytical theory) and high (using boundary integral method) capillary numbers in AC electric field and attempts are made to understand the underlying physics. The capacitor model is used for modeling the electrostatics [22, 26, 27, [34] [35] [36] 54] while the capsule is modeled as a strain hardening Skalak membrane [49] . The deformation of an object in AC field has time-averaged and time-periodic parts, and their dependence on frequency could be significantly different. The physics of both these kinds of deformation are analyzed in this work.
II. Problem description
A spherical capsule is placed in an applied uniform AC electric field in which the direction of the applied field is parallel to the axis of symmetry, the y-axis (shown in fig. 1 ). The AC electric field is defined byẼ ∞ AC = E 0 cos(ωt)e y , whereẼ 0 , andω are the intensity and frequency of the applied electric field, respectively andt is the time.
Both the inner and outer fluid media are Newtonian with the outer fluid viscosity µ and inner fluid viscosity λµ, where λ is the viscosity ratio. Conductivity and dielectric constant of the fluid media are σ i,e and i,e , respectively. In this work, subscripts i and e stand for inner and outer fluid media, respectively. Electrical properties used in the computations are described as ratios with respect to the outer fluid media: σ r = σ i /σ e and r = i / e . The membrane is considered to be purely elastic with elastic modulus E s and it provides resistance to bending deformation proportional to the bending rigidity κ b . The membrane electrical properties are capacitance C m and conductance G m . The charge relaxation time of the external fluid, e 0 /σ e , where 0 is the permittivity of the free space, is considered as the scaling parameter for time and the velocity of the fluid is scaled by E s /µ e . Frequency of the applied electric field is scaled by σ e / e 0 , the inverse of the parameter used for scaling of time. The intensity of the electric field (Ẽ), potential (φ), and stress are scaled by E 0 , E 0 a, and E s /a, respectively, where a is the radius of the capsule. All the variables with and without (˜) represent dimensional and scaled quantities, respectively. In this analysis, the magnitude of the destabilizing force due to the electric field is expressed relative to the stabilizing elastic force by the nondimensional capillary number, Ca = a e 0 E 2 0 /E s . For the simplicity of the calculations, a very thin (assumed to be two dimensional) membrane is considered to be impermeable to both the fluids, thereby keeping the volume of the capsule constant. The effect of the bending rigidity is considered to be important as it prevents the formation of sharp corners as well as helps in computation by averting numerical instabilities [15] .
The resultant of the hydrodynamic force and nonhydrodynamic forces due to electric Maxwell stress, elastic force, and force because of resistance to bending cause a change in the shape of a capsule. Stokes equa-tions are considered as the model equations to study the capsule hydrodynamics [40, 42] , electric stresses are calculated by solving Laplace's equation along with normal electric current continuity [26, 27, [34] [35] [36] . Membrane elastic forces are determined from the well known Skalak law for the strain hardening membrane [49] . Bending force is a function of up to fourth order derivative of the position of the interface, and it is calculated using the spectral method [29] .
III. Problem formulation
The deformation of a capsule in an AC field is studied analytically using the small deformation theory as well as numerically, using axisymmetric boundary integral method to understand large deformations.
A. Boundary integral formulation
The elastic force, electric force, the force due to bending and the hydrodynamic forces are discussed in detail in the following sections.
Membrane elasticity
Nonlinear response of a 2D membrane to deformation is modeled by different membrane constitutive laws, namely Generalized Hooke's law, Skalak law, MooneyRivlin law, Evan-Skalak law etc., and can be broadly categorized into strain hardening membrane models and strain softening membrane models. In this analysis, the deformation of a capsule is investigated using the Skalak model which exhibits a strain hardening behavior. According to the Skalak law [49] , the tension in the principal direction i (the other principal direction being j), can be obtained, in terms of principal extension ratios, λ i,j , as
where C is the area dilatation parameter for Skalak membrane, larger the value of C, stiffer is the membrane. In this analysis, C = 1 is considered. The first term, on the right-hand side of eq. (1), is corresponding to the shear deformation with the shear modulus G SK = E s (1 + C)/2(1 + 2C) and the second term accounts for the area dilatation with the dilatation modulus CG SK . Membrane tension in the principal direction j can be obtained by interchanging indices. In our analysis, principal directions i and j correspond to the meridional and azimuthal directions, respectively and the corresponding tensions (force/length) are considered to be T s and T φ . These tensions contribute to the normal and tangential elastic tractions (force/area) as
such that overall elastic traction acting at the interface is f el = f el n n + f el t t, where n and t are the outward normal and clockwise tangent vectors, respectively. The arc length in the meridional plane, s, is measured from the north pole to the south. The principal curvatures are defined as
and the components of the unit tangent and the unit normal in r and y directions are calculated as
Bending resistance
Although the bending resistance of a capsule with a very thin elastic membrane is small compared to the elastic stresses, it can contribute significantly, especially in regions of high curvature and is also known to prevent numerical elastic instabilities [15] (arising from the large compressive stresses).
The dimensionless traction due to bending is given by
where, H and K G are mean curvature and Gaussian curvature, respectively,
Nondimensional bending rigidity,κ b = κ b /a 2 E s , is the bending rigidity modulus relative to the elastic modulus. Laplace Beltrami of the mean curvature in cylindrical coordinate system is defined as
where | X s |= ∂r ∂s
2 + ∂y ∂s 2 [23] . The spectral method is used to calculate higher order derivatives for the calculation of Laplace Beltrami of mean curvature [53] .
Electrostatics
In an externally applied electric field E 0 cos(ωt), in the absence of any interacting particle, the potential is given by φ ∞ = −y cos ωt. The internal and the external potential of the capsule satisfy Laplace equation, ∇ 2 φ i,e = 0, where φ i and φ e are internal and external potentials. Using Green's theorem, the solution of the Laplace equation can be obtained in integral forms as [34] [35] [36] 
where
is the Green's function for the Laplace's equation in three-dimensional free space. Here, dS(x) is the differential surface area, x 0 and x are the source point (singular point) and the load point, respectively andx = x − x 0 . Transmembrane potential is defined as the discontinuity of potential across the interface, given by
Electrical current continuity across the interface is
whereĈ m = aC m / e 0 andĜ m = aG m /σ e are the dimensionless capacitance and conductance of the membrane of the capsule, respectively. Solving eqs. (9) and (10) with the definition of transmembrane potential (eq. (11)) and current continuity (eq. (12)), the transmembrane potential and the internal and external normal and tangential electric fields (defined as −∂φ/∂s)
The typical size of capsules used in applications is ∼ 100µm indicating that hydrodynamics can be described as a low Reynolds number phenomena. Therefore, considering Stokes equations to describe the hydrodynamics, Green's theorem can be used to obtain a boundary integral equation given by
where G(x, x 0 ) and Q(x, x 0 ) are free space Green's functions for Stokes equations [40, 42] .
are respectively termed as stokeslet and stresslet. The resultant non-hydrodynamic traction acting at the inter-
, is responsible for the deformation of the capsule.
From the known interfacial velocity, u(x) at t, the deformation of the capsule to a new shape at t + ∆t can be calculated through the kinematic condition
where k f is the kinematic factor and ∆t is the step size of time used in boundary integral calculations. The kinematic factor depends upon the scaling of the variables.
B. Analytical theory
A standard asymptotic expansion in the small parameter, the capillary number, is carried out assuming the deformations to be proportional to the capillary number [51] , the details of which are provided in appendix A. The typical time scales associated with this prob- 
IV. Results
. We scale time byt E and restrict our calculations to the hydrodynamic timescale equal to charge relaxation time of the external fluid medium i.et H =t E . Therefore, the nondimensional time scales are t E =t E /t E = 1, t H =t H /t E = 1, t cap =t cap /t E =Ĉ m (1/2 + 1/σ r ) and t M W =t M W /t E = (2 + r )/(2 + σ r ). The charge relaxation time of the internal fluid is t E,i = t E ( r /σ r ). Unless specified, the nondimensional membrane properties areĈ m = 50,Ĝ m = 0, and the ratio of dielectric constants r = 1. At different conductivity ratios, all the associated time scales are reported in table I. Due to the selection of scaling parameters, the kinematic factor is the inverse of the hydrodynamic timescale, i.e., k f = 1/t H . In this analysis, t H is considered to be unity such that the hydrodynamic response is instantaneous to the changes in electric field. Figure 3 shows the variation of the maximum transmembrane potential (φ m at the poles) with frequency for the case of σ r = 10, 1, and 0.1. The expression for the φ m is provided in eq. (A10) which reduces to Schwan equation [45] when t E = e 0 /σ e and t E,i = i 0 /σ e t cap . From the figure, it can be observed that at very low frequency, φ m is independent of the conductivity ratio and is equal to that of a capsule in DC electric field, which is due to complete charging of a membrane at low frequencies. At very high frequencies, a membrane remains completely uncharged, and thereby φ m attains a small value given by
The partial charging of a membrane at the intermediate frequencies leads to frequency dependent φ m which increases with σ r . Therefore, a strong dependence of the deformation on the conductivity ratio is expected. As a measure of deformation of the capsule, the Tay- lor deformation parameter is used, which is defined as the degree of deformation DD =
L+B , where L and B are the diameters of the capsule along the rotational axis of symmetry and at the equator, respectively. The degree of deformation can be decomposed into a stationary (time-averaged) and a time-periodic part DD = DD s + DD t cos 2ωt, where the frequency doubling of the deformation is a result of the square dependence of the Maxwell stress on the electric field. The time-averaged degree of deformation as a function of the frequency of the applied electric field, obtained from boundary integral simulation and analytical theory, is compared in fig. 2 , for σ r = 10 and 0.1 at a low capillary number, Ca = 0.01.
At very high frequencies, ω t −1
cap , the electrical impedance of the membrane is negligible, both the fluids behave as dielectrics, and the transmembrane potential is negligible. Therefore, the deformation is almost negligible on account of no dielectric contrast between the inner and the outer fluids, and a spherical geometry is observed.
At frequencies ω > t
cap , the impedance of the membrane is still very low, and the charging of the membrane is governed by the electrical properties of the inner and outer fluid media. The fluids show a leaky dielectric behavior in the bulk, such that the outer fluid exhibits conductive behavior at frequencies lower than t −1 E = 1, whereas the inner at frequencies lower than t −1 E,i . As the frequency is lowered, the impedance of the membrane increases and a net interfacial charge build-up starts at a frequency t −1 M W . The interface at frequency t −1 M W is similar to that of a liquid drop on the timescale of t M W and admits a net free charge and tangential stress. Depending upon the conductivity ratio, the tangential stress can be from poles to the equator (σ r < 1) or equator to poles (σ r > 1), thereby imparting an oblate spheroid or a prolate spheroid shapes, respectively ( fig. 2) . This regime also corresponds to the maximum deformation of the capsule.
As the frequency is further decreased, ω < t −1 cap , the membrane now becomes charged, the membrane impedance is fairly high such that the normal electric fields inside and outside the capsule tend to disappear, on account of the insulating membrane. The tangential stresses, therefore, become negligible and the capsule behaves like a dielectric drop in a conducting fluid. This drop in DC field-like behavior implies that the conductivity ratio does not play a role anymore and prolate spheroids are obtained. A fairly good agreement is obtained between analytical theory (valid at small capillary numbers) and boundary integral calculations.
To verify whether the boundary of the time-averaged prolate to oblate deformation transition is affected by the capillary number, DD s vs. σ r plot is shown for different capillary numbers at a given frequency (fig. 4) . For a particular frequency (in this case ω = 0.1), the time-averaged deformation changes from oblate to prolate with an increase in the conductivity ratio. According to the eq. A18, the time-averaged degree of deformation (obtained from analytical theory at small deformation) is proportional to the capillary number and the numerator is only a function of σ r for the specified r , ω,Ĉ m , therefore, the transitional σ r does not change with the capillary number.
The different modes of time-averaged deformation, namely sphere, prolate and oblate spheroids can be plotted onto a phase diagram with conductivity ratio and frequency as the coordinates. Figure 5 is plotted with the boundary integral simulation results conducted for a fixed capillary number (Ca 0.1) showing different regions marked out for the different modes of deformation. The different regions that are marked out by color shades in the phase diagram show different modes of time-averaged prolate and oblate deformations, respectively, whereas the white region mostly at the right half of the phase diagram represents the undeformed sphere region. The phase diagram is constructed assuming the shape to be a sphere if the degree of deformation is less than 1% of the initial spherical shape. The prolate shapes in the phase diagram are obtained when σ r > 1, due to tensile normal electric stress at the poles. For σ r < 1, oblate shapes are seen at intermediate frequencies, that is t −1 cap < ω < t at the poles. At very high frequencies ω > t
cap , due to compressive normal electric stress at the equator.
Unlike the deformation of a capsule in DC fields which show time-independent deformation, the AC fields show time-dependent deformation which could be termed as "breathing" between two extreme shapes. Thus the phase diagram now exhibits different modes of breathing, namely prolate-prolate (P-P), prolate-sphere (P-S), prolate-oblate (P-O), oblate-sphere (O-S), oblate-oblate (O-O) and an undeformed sphere (S). The boundary integral simulation results (continuous curves) as well as, the results obtained from analytical theory (dashed curves) for a fixed capillary number (Ca = 0.1) are shown in fig. 5 . Numerically obtained phase boundaries separating zones for different breathing modes agree reasonably well with the analytically obtained results.
The temporal shape change of a capsule during an AC cycle is essentially because of the variation of the applied electric field with time. Thus, if the hydrodynamic and electric relaxation is fast as compared to the applied frequency, one can expect the behavior of a capsule in an AC field to be similar to the deformation of a capsule in a DC field of equivalent strength. In this limit, when the applied field goes to zero, the deformation too should go to zero, and only the prolate-sphere or oblate-sphere modes are expected. These modes of deformation are indeed seen in fig. 5 which also shows that the P-S and O-S modes of deformation are in agreement with the timeaveraged regions of the phase diagram. However, when the hydrodynamic and electric relaxation timescales are of the same order or greater than the inverse of applied frequency, the instantaneous deformation need not be zero even when the instantaneous field is zero. This phenomena is, for example, illustrated by the P-P mode in the phase diagram ( fig. 5 ). Interestingly the shape can also change between two extremes, i.e., between prolate and oblate shapes and correspondingly, a variety of breathing modes can be obtained.
In general, the dynamics of a capsule in an AC field can be mapped on to the time evolution of a capsule in a DC field by realizing that the frequency in AC fields is identical to the inverse of time in DC fields. However, unique features typical of the AC fields can still be observed, which is due to the reversal of the electric field. Thus if the charge dynamics is slower than the applied frequency, a reversal of the sign of electric field (say, negative) can be observed, while the charge distribution continues to correspond to the earlier field (i.e., positive). This distributed charge causes a stress distribution over the interface and thereby, the deformation, which may not be seen in the corresponding DC fields.
Figures 6a-c show the stress distribution at the interface of a capsule at σ r = 0.3. At the same conductivity ratio, fig. 7a represents the applied electric field and electric stress as a function of time and figs. 7b-h show the change of electrical variables on the interface of the capsule at different times. The compressive normal Maxwell stress at the poles leads to an oblate deformation. The normal electric stress at the poles is compressive on account of the higher conductivity of the external fluid medium. However, when the shape relaxes due to a decrease in the instantaneous field, the charge dynamics is such that although the applied electric field changes sign, the transmembrane potential does not. Figures 7b, e, f and h indicate that the φ m does not change sign even when the direction of the field is changed, e.g., negative φ m is seen at north pole even when the field is in the positive y-direction. This negative transmembrne potential leads to the tangential electric field inside being higher than that of the outside, leading to tensile normal electric stress. Such a phenomenon is not observed in DC field which does not switch direction. Although the shape remains oblate leading to the O-O breathing mode (shown in fig. 18 ), the stress varies from compressive at the poles to tensile at the equator during a voltage cycle. Thus, the deformation modes in AC fields could have a very complex physical origin. The dynamics of the shapes in the P-O mode (shown in fig. 19 ) indicates that at low frequencies, the time-averaged oblate shape relaxes to a prolate shape within a voltage cycle. A similar phase diagram (only the time-periodic) of a capsule deformation is observed at the high capillary number as shown in fig. 8 . The small deformation and the large deformation phase boundaries in both the phase diagrams ( fig. 5 and fig. 8 and 0.1 σ r 0.6. In this range of the frequency and conductivity ratio, new modes of complex breathing are observed, namely cylinder-prolate (C-P), cylinder-oblate (C-O), and biconcave-prolate (B-P).
Figures 9a-d show the shapes observed in cylindricalprolate (C-P) breathing mode in a single time-period. The shapes shown correspond to the measured deformation at the marker points on the curve in fig. 9e and the corresponding instantaneous electric fields are shown by marker points on the curve in fig. 9f. Figures 10a-c show the hydrodynamic flow, variation of electric and elastic stresses at the interface, for the shapes in figs. 9a-c, respectively. The shape in fig. 9a is oblate since the outer medium is more conductive and t −1 cap < ω = 0.02 < t −1 M W . A tensile azimuthal elastic tension at the equator (characteristic of an oblate shape) develops (inset of fig. 10a ). The electric stresses are compressive at the poles ( fig. 10a ) assisting the formation of oblate shapes. The flow from the equator to the poles (in fig. 10a ) shows a tendency of the capsule to return to a relaxed shape ( fig. 9b) . The high electric stress at the poles due to a highly nonlinear shape along with the compressive electric stress at the equator ( fig. 10b ) assist the formation of cylindrical shape ( fig. 9b) while admitting an almost spherical shape (not shown here) at an intermediate time. The cylindrical shape is thus a manifestation of the high capillary number and corresponding interplay of high Maxwell stress and nonlinearity in shape (see figs. 10 and figs. 20) . Towards the end of the cycle, the capsule assumes a prolate shape ( fig. 9c ) which is due to the developed Maxwell stress of a completely charged capacitor, the compressive normal electric stress with a maximum at the equator (fig. 10c) . The elastic tensions are accordingly generated, with the azimuthal tension becoming negative at the equator (inset of fig. 10c) . A tendency to attain oblate shape is then seen (fig. 9d) as the field reverses and the membrane discharges to attain an electrostatic solution commensurate with the applied field.
For a slightly lower conductivity and a higher frequency (as compared to fig. 9 ), observed shapes during the deformation are shown in figs. 11a-d. The corresponding degree of deformation and the instantaneous applied electric fields are shown by the marker points on curves in fig. 11e and f. A capsule attains cylinderoblate spheroid (C-O) breathing mode at σ r = 0.3 and ω = 0.04. Figures 12a-c show the state of electric stress, streamline, flow and elastic tensions (in insets) corresponding to figs. 11a-c, respectively. In this case, on account of relatively higher frequency (higher than the inverse of the membrane charging time) and lower conductivity ratio (compared to the C-P breathing), the capsule never relaxes to a sphere or a prolate shape. Only oblate shapes are admitted with flow from the equator to poles (figs. 12a and b) assisting the relaxation through the cylindrical shape ( fig. 11b ) to the oblate shape ( fig. 11c ). Pronounced tensile normal electric stresses are seen at the equator ( fig. 12c ) (a mechanism similar to that discussed in the low capillary limit, see figs. 6) that are responsible for the oblate shapes resulting in cylinder-oblate transition.
At much lower frequency though, a biconcave-prolate (B-P) breathing mode is observed ( figs. 13a-d) . The biconcave shape ( fig. 13a ) is the result of increased compressive Maxwell stress at the poles ( fig. 14a ), owing to higher conductivity contrast. Since the frequency is low, a relaxation to prolate shape is seen at the end of the cycle ( fig. 13c ) via an intermediate oblate shape (fig. 13b ). This B-P breathing of capsule deformation is not observed at low capillary number as the electric stresses at the poles are insufficient (see figs. 21).
In this range of frequency (5 × 10 −3 ω 2 × 10 −2 ) and at very low conductivity ratios, on account of greater charging of the membrane (the capsule acts more like a leaky dielectric drop), a highly compressive normal Maxwell stresses develop at the poles (e.g., fig. 15a ). When the elastic tractions can not balance the developed electric stress at the pole, a capsule breaks up through the merging of poles. This breakup zone is marked with X in the phase diagram ( fig. 8) . Figure 15a confirms that within the valid range of numerical calculation, the developed elastic tensions at the pole just before breakup are very high (inset of fig. 15a ). It should be noted that when the collocation points at poles come very close (closer than the element size used for the computation), the numerical computation is no more valid. Therefore, the shape observed in fig. 15b is actually a numerical artifact.
The modes of deformation of an elastic capsule with conducting membrane (Ĝ m = 10) in AC electric field for Ca = 0.4 is represented in fig. 16 , keeping other param- drop in a leaky dielectric medium. Thus, cylindrical or biconcave shapes are not observed since the stress remains highly compressive only at the poles, lacking any contribution from the equator.
V. Conclusions
A phase diagram is constructed using boundary integral method and analytical theory at a low capillary number. It is found that the time-averaged deformation depends upon the frequency of the applied electric field and its value relative to the t cap . The time-periodic deformation shows breathing modes characterized as P-P, P-O, and O-O at a low capillary number. A high capillary number causes further bifurcation to highly nonlinear C-P, C-O, and B-P modes of deformation, attributed to strong coupling between charge density and electrostatics.
The proposed experiments to observe the theoretical results presented in this work could be on a thin Ovalbumin or human serum albumin (HSA) capsules of ra- dius a 500 µm with elasticity E s 0.1 N/m [8] , in an external fluid medium with conductivity σ e 0.1 mS/m. In these experimental conditions, the typical field strength E 0 < 5 kV /cm and the frequencies in the range of [100 Hz − 10 M Hz] should show the phenomenon described in this work.
This work is the simplest system that can demonstrate a strong shape-electrostatic-elastic-hydrodynamic coupling, which is important in electrohydrodynamics of soft matter. Findings of this work can form the basis for understanding large electro-elasto-hydrodynamics of more complicated soft matter systems, such as RBC, which will be the project for future communication.
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A. Analytical theory for electrohydrodynamic deformation of a capsule in the limit of small deformation
To seek an analytical solution in the small deformation limit, a spherical coordinate system is considered (r, θ, φ), where r is the radial measurement from the center, θ is the measurement of meridional angle and φ is the measurement of azimuthal angle. In the axisymmetric analysis, assuming θ = 0 as the axis of symmetry, variations of quantities are independent of azimuthal angle.
The nondimensional potential due to the applied electric field in spherical coordinate system is expressed by
which can be written as 
where, A 1 and A 2 are arbitrary constants, and P 1 (cos θ) is the first order Legendre polynomial of cos θ. Transmembrane potential is defined as
Current continuity in the normal direction is given by
, A 2 and the transmembrane potential, φ m , can be obtained from the solutions of eq. (A6) and eq. (A7) using the definition of transmembrane potential (eq. (A8)) and the current continuity (eq. (A9)). The solution for the transmembrane potential of a spherical capsule with a nonconducting membrane is obtained as
with a phase lag
(A11) Electric fields in r and θ directions at the interface are determined as
The Maxwell electric stress tensor is given byT E = (ẼẼ − 1 2Ẽ 2 I), whereẼ 2 is the inner product of the field, and I is the identity tensor. The normal and tangential components of the electric traction can be obtained bỹ
such thatf E =f r e r +f θ e θ is the total electric traction acting at the interface. For an undeformed sphere, normal vector n = e r and the tangent vector t = e θ . Using eqs. A12 with the eq. (A5), dimensionless tractions can be expressed as
(A14a)
Tractions can also be expressed as
(A15a)
where subscripts s and t represent time-averaged and time-periodic parts. Time-averaged electric tractions are obtained as
and time-periodic electric tractions are
where f rs , f θs are real and f rt , f θt are complex quantities. Calculation of elastic traction, hydrodynamics formulation, and solution procedure are followed as reported in our earlier article [51] . In general, the expressions for the degree of deformation as a function of frequency and capillary number are very complex. For a nonconducting (G m = 0) membrane, the time-averaged degree of deformation is obtained as 
The deformation of an elastic capsule, in the limit of small deformation, can be obtained from
where DD * t is the complex conjugate of DD t . 
B. Supplementary information
The prolate-prolate breathing (P-P) of an elastic capsule at ω = 0.1 and σ r = 5, is shown in figs. 17a and b. The degrees of deformation of the shapes shown in figs. 17a and b are shown with the marker points on the curve in fig. 17c and the corresponding instantaneous applied electric field is shown in fig. 17d . This example of P-P breathing is corresponding to the zone presented in the high capillary number phase diagram in fig. 8 .
Similar to the case of P-P breathing, a capsule with the σ r in the O-O zone, experience oblate-oblate breathing in AC electric field. As an example, the shapes at the minima and maxima of the electric stress in the O-O breathing at Ca = 0.4 for ω = 0.4 and σ r = 0.1 are shown in figs. 18a and b. The degree of deformation of these shapes are shown by the marker points on the deformation curve ( fig. 18b ) and the corresponding instantaneous electric fields are shown by the marker points on the curve in fig. 18c .
At very low frequency and conductivity ratio of O-O zone, (for an example, at Ca = 0.4 for ω = 0.01 and 0.8) the extreme shapes in P-O breathing are shown in figs. 19a and b which are corresponding to the deformations, shown by the marker point on the curve in fig. 19c and the corresponding instantaneous electric fields are shown by marker points on the curve in ( fig. 19)d .
At a small capillary number (Ca = 0.1) the distribution of electric stress at the interface for ω = 0.02 and σ r = 0.4 is shown in fig. 20 undergoing O-S breathing and the same is shown for ω = 0.002 and σ r = 0.1 in fig. 21 representing P-O breathing of a capsule. Figures 20 and 21 are shown at the combinations of ω and σ r which are corresponding to the C-P and B-P breathing modes, respectively, at a high capillary number. 
